Kilohertz Quasi-Periodic Oscillations(QPOs) in low-mass X-ray binaries (LMXBs) may represent the orbital frequencies of innermost Keplerian orbits around accreting neutron stars. Attempts have recently been made to derive constraints on the mass and the equation of state of the neutron star, by identifying the highest observed QPO frequency with the Keplerian frequency at the marginally stable orbit given by the general theory of relativity. These estimates have either neglected the effect of the neutron star rotation or used an approximate treatment of rotation in general relativity. We rederive these constraints using a fully general relativistic formalism including the effect of rapid rotation. We also present constraints corresponding to the case where the innermost stable orbit touches the stellar surface.
INTRODUCTION
The recent discovery of kilohertz quasi-periodic brightness oscillations (kHz QPOs) in certain X-ray binaries (see van der Klis 1997 for a recent review) have led to suggestions that these are determined by the Keplerian orbital frequency near the marginally stable orbit predicted by general relativity. Such suggestions have led to attempts to derive constraints on neutron star structure (and possibly also the equation of state) using the kHz QPO data (Kaaret, Ford & Chen 1997; Zhang, Strohmayer & Swank 1997a; Kluźniak 1998) . It has been assumed in these calculations that the kHz QPOs are generated in the innermost stable orbit and that the neutron star lies within this orbit. These attempts have either neglected the effect of neutron star rotation, or relied on the use of an approximate treatment of rotation in general relativity. Since rotation can be important for neutron stars in accretion driven old X-ray binaries (Bhattacharya & van den Heuvel 1991) , a fully general relativistic treatment of the rotation, in deriving constraints on the neutron star structure using kHz QPO data, is imperative.
In this paper, we explore the consequences of the association of kHz QPO with Keplerian frequencies at the inner edge of the accretion disk, using a fully general relativistic formalism appropriate for a rotational space-time. Unlike the previous calculations, we do not make the restrictive assumption that the radius of the neutron star is less than that of the marginally stable orbit. In general, the inner edge of the accretion disk need not always be coincident with the marginally stable orbit (rms), but can be located anywhere outside this radius. If the radius of the neutron star is greater than rms, the innermost possible orbit will be located at the surface of the star. Since the structure and rms for a rotating neutron star depend on two independent parameters, namely, the central density (ρc) and the spin frequency (νS), a range of values of (ρc, νS) will exist that will allow solutions for a Keplerian frequency corresponding to a specific kHz frequency. We discuss here two branches of these solutions: (i) the case where the inner edge of the accretion disk is identified with rms (Solution I) and (ii) the case where the disk extends to the surface of the star (Solution II). The discussions so far in the literature are confined to cases akin to Solution I. This is for two reasons: (a) a constant difference between the kHz frequency peaks and its near equality to the frequency of the QPO peak observed in X-ray bursts are taken to imply that the difference frequency represents that of the rotation of the neutron star. The highest QPO peak is taken to represent Keplerian frequency at the innermost marginally stable orbit. Since the frequency of this peak is higher than the neutron star rotation frequency, rms is taken to be greater than the radius of the neutron star (Kluźniak 1998 ) and (b) the highest frequency peak is ob-served to be a near constant for different sources and if this peak were to originate at the surface of the neutron star, it might be difficult to explain the constancy despite the different magnetic fields and accretion rates that these sources may possess (Zhang et al. 1997a) . The argument (a) above assumes that the accretion disk touches the neutron star surface, only if it spins at the centrifugal mass-shed limit (in which case, spin frequency ≈ equatorial Keplerian frequency at the stellar surface). However, since factors such as instabilities driven by gravitational radiation reaction (Wagoner 1984; Andersson, Kokkotas & Schutz 1998) may limit the spin frequency of the neutron star, there is no compelling reason to believe that this assumption is generally valid. The arguments in favour of solution I remain source-specific, and a main reason for the popularity of this solution is that features relating to the accretion flow and X-ray emission from the boundary layer have been computed only for this case (Kluźniak and Wilson 1991; Hanawa 1991) . Until similar detailed computations are performed for other situations (e.g. solution II), it is not obvious that solution I should always be the preferred scenario for kHz QPOs.
CALCULATIONS AND RESULTS
We look for possible configurations of rotating neutron stars in general relativity, whose innermost "allowed" orbits possess a QPO frequency of 1220 Hz observed in the source 4U 1636-53 (Zhang et al. 1997b) . This is the maximum value of the highest QPO frequency observed so far. Our calculations are performed for a representative choice of neutron star equation of state (EOS) models, with a view to obtaining a broad general conclusion.
There can be two possibilities for the innermost marginally stable circular orbits: (i) rms > R, (ii) rms < R where R is the radius of the neutron star. For the case (ii), the innermost "allowed" orbit will be located at the surface of the neutron star i.e. riao = R and for case (i) riao = rms. As already mentioned, we designate (i) as Solution I and (ii) as Solution II. It may be noted here that the configuration for which the radius of the innermost stable orbit is just equal to the equatorial radius of the neutron star defines the boundary between Solution I and Solution II.
The equilibrium sequences of rapidly rotating neutron stars in general relativity and the corresponding values of rms used to derive the results in this paper, have been calculated using the formalism reported in Datta, Thampan & Bombaci (1998) . We have chosen the following EOS models for neutron star interiors: (i) Bethe & Johnson (1974) model V, (ii) Walecka (1974) , (iii) Wiringa, Fiks & Fabrocini (1988) Bombaci (1995) model BPAL12. In order to conform to the notation used by Arnett & Bowers (1977) , we refer EOS models (i) as (C) and (ii) as (N). The EOS (iii)-(vi) are referred to in the text as: (UU), (SBD), (BBB2) and (BPAL12) respectively. Of these, (N) and (SBD) are stiff EOS, (UU), (C) and (BBB2) are intermediate in stiffness and (BPAL12) is a soft EOS. For each of these, we have calculated the Keplerian frequency (νK) of a test particle in the innermost "allowed" orbit (riao) for a range of central densities and rotation rates of the neutron star. Zhang et al. 1997b ). The horizontal dashed line corresponds to ν K = 1220 Hz, the highest frequency QPO observed to date from the X-ray source 4U 1636-53. For all portions of the curves above the horizontal dashed line, 1220 Hz is obtained at some position exterior to the innermost "allowed" orbit. The values of M G at intersection points of the curves provide the range of masses that admit frequencies of 1220 Hz.
In Fig. 1 we have illustrated the dependence of the Keplerian frequency (νK ) on the gravitational mass (MG) of the accreting rotating neutron star for three chosen values of its spin frequency (νS): 0, 200 and 580 Hz. In this figure, we have considered only three EOS models: (SBD), (UU) and (BPAL12), which are respectively, stiff, moderate and soft, in order to illustrate the dependence of νK on the EOS. Table 1 . Range of masses corresponding to Solution I (intersection of the falling branch of curves in Fig. 1 ) for various rotation rates of the star for ν K = 1220 Hz. Only those EOS models which allow Solution I are displayed here. Listed in this table from left to right are: the EOS model, central density ρc, neutron star spin frequency ν S , baryonic mass M 0 , gravitational mass M G , equatorial radius R, specific angular momentum j respectively of the neutron star, radius of the innermost marginally stable orbit r ms,HT as calculated using HT formalism and radius of the innermost "allowed" orbit r iao . In this case, r iao is equal to the radius of the marginally stable orbit dictated by general relativity. Only very slowly rotating configurations (ν S < 100 Hz) admit ν K = 1220 Hz for EOS model (BBB2) and hence there is only one entry against it. The numbers following the letter E in the second column represent powers of ten. The innermost "allowed" stable orbit will be located at the neutron star surface for lower values of the mass (the rising branch of the curve in Fig. 1 -Solution II) and at the marginally stable orbit for higher values of the mass (the falling branch in Fig. 1 -Solution I) . For a specific value of νK (taken here to be equal to 1220 Hz corresponding to the highest QPO frequency observed to date in the X-ray source 4U 1636-53), Fig. 1 then provides the mass of the neutron star (for a given νS and a given EOS): the intersection of the curves with the horizontal dashed line defines the neutron star configuration which possesses a Keplerian frequency of 1220 Hz at the innermost "allowed" stable orbit. It can be noticed that the peak heights of the curves above the horizontal dashed line decreases for increasing stiffness of the EOS. It is interesting to see that for model (SBD) (a very stiff EOS), the peak value of νK (1259 Hz in this case) for νS = 580 Hz is very close to 1220 Hz. Stiff EOS models for which this peak lies below νK = 1220 Hz line may then be disfavoured. From Fig. 1 , further (QPO model dependent) constraints on the EOS and neutron star mass can be inferred as discussed below:
(a) If the highest frequency QPOs are produced only at the innermost marginally stable orbit (i.e if Solution II is to be disfavoured as suggested in Kluźniak 1998; Zhang et al 1997a; Kaaret et al. 1997) , then the constraints obtained on the mass can be read off from the higher mass intersection points of the curves in Fig. 1 . For soft EOS models, such an intersection may not obtain. This would then put a constraint against soft EOS models, a point noted in Kluźniak (1998) . For intermediate and stiff EOS, the inferred mass values in this assumption for neutron star spin frequencies between 0 and 580 Hz, lies in the range (1.8-2.2) M⊙ . A lower mass limit of 1.8 M⊙ using the approximate effects of rotation (Hartle-Thorne formalism) was also suggested by Kluźniak (1998) . If the highest observed frequency in some QPO sources have lower values than 1220 Hz, the limits of this mass range will increase. For example, for a frequency of 1000 Hz, the EOS model (UU) (as well as BPAL12) will be disfavoured while the limit obtained from EOS SBD falls in the range (2.2-2.5) M⊙ .
(b) If the highest kHz QPO peaks are produced only at the innermost "allowed" orbit, then another set of constraints: lower limits on the neutron star mass, can be inferred from Fig. 1 . For EOS models (BPAL12) and (UU), these limits are in the range (0.9-1.0) M⊙ and (0.6-0.7) M⊙ respectively. For EOS SBD, however, this range is (1.4-1.8) M⊙ , which is substantially higher than for the other EOS models. For lower values (than 1220 Hz) of the highest QPOs, the limits obtained from Solution II would allow even lower neutron star masses! (c) For the non-restrictive assumption that the highest observed QPOs are produced at the inner edge of the accretion disk, which might be located outside the innermost "allowed" orbit, the only necessary condition imposed will be that νK ≥ 1220 Hz at the innermost "allowed" orbit. This implies a wider range (from the lower limit of the low mass intersection to the higher limit of the higher mass intersection) of inferred masses. In this case, we cannot rule out the validity of the soft EOS models, as the higher mass limit will be the maximum mass allowed by the EOS for the chosen value of νS. It can also be seen that the constraints placed on the mass of the neutron star in this case are not as firm as in cases (a) and (b). For EOS models (BPAL12), (UU) and (SBD), the mass limits are in the ranges (0.9- Table 2 . Range of masses corresponding to Solution II (intersection of the rising branch of curves in Fig.1 ) for various rotation rates of the star for ν K = 1220 Hz. The listed quantities are the same as in the first eight columns of Table 1 . In this case the radius of the star is larger than rms, and r iao is located at the stellar surface. 1.5) M⊙ , (0.6-2.1) M⊙ and (1.4-2.2) M⊙ respectively. For lower values of the highest QPO frequency, this range will widen making the constraints even less firm, unlike in case (a). However, if in any system a QPO frequency is discovered which lies above the maximum allowed νK (the peaks in fig.  1 ) for the EOS, then the corresponding EOS can certainly be ruled out. Clearly, the constraints placed on neutron star masses (as well as those on the EOS) are dependent on the model assumed for the generation of kHz QPOs.
In Tables 1 and 2 we have listed the values of the neutron star central density (ρc), spin frequency (νS), the baryonic mass (M0), the gravitational mass (MG), the radius (R), radius of the innermost allowed orbit (riao). For the sake of a comparison with the calculations that are based on the 'slow' rotation approximation, we have also listed in Table 1 rms,HT and ν K,HT for several values of the dimensionless specific angular momentum j (≡ J/M 2 G , J being the angular momentum of the 'slowly' rotating neutron star). The 'slow' rotation approximation is based on the Hartle & Thorne (HT) formalism (Hartle & Thorne 1968) , which treats rotation as a perturbation to the spherically symmetric space-time. This formalism gives the following analytical expressions for the radius of the innermost marginally stable orbit and the corresponding Keplerian frequency (Kluźniak & Wagoner 1985; Kluźniak, Michelson & Wagoner 1990) :
Here c = 1 = G. The HT formalism is valid only for those values of the stellar angular velocity that are small in comparison to the centrifugal break-up angular velocity. The quantities listed in the tables have been calculated by choosing a combination of ρc and νS so as to obtain a value of νK equal to 1220 Hz. Unlike in Fig. 1 , for the results that are presented in the tables, no specific value of νS was chosen but instead we chose a fixed value for νK = 1220 Hz, while exploring various values of νS. Table 1 represents Solution I corresponding to the case riao = rms and Table 2 represents Solution II for which riao = R. Only those EOS models which allow Solution I are displayed in Table 1 . For EOS (BBB2), Solution I is allowed only for very slowly rotating configurations with νS < 100 Hz and hence there is only one entry against this EOS model in Table 1 . For the sake of illustration, we include in the Tables 1 and 2 results for neutron star rotation frequency of 580 Hz as inferred for the source 4U 1636-53 (Zhang et al. 1997b ) for all those configurations for which such solutions exist. Table 1 shows that though rms,HT varies at most by 10% from riao, the differences are substantially larger for the corresponding values of νK,HT particularly for large rotation rates.
It is interesting to ask what the maximum value of νK would be for a given EOS model, because this value represents the boundary between Solution I and II. In Table 3 we list the maximum values of νK along with the corresponding MG and R for different chosen values of νS, namely, 0, 200 and 580 Hz. It is clear from this table that the softer the equation of state, the higher the value of the maximum of νK . It may be relevant to note that the EOS model SBD has a maximum νK value of 1259 Hz for νS = 580 Hz and a corresponding mass of 2.02 M⊙ .
CONCLUSIONS
The results of the present study can be summarized as follows. We find that the identification of the maximum observed (so far) QPO frequency (1220 Hz) with νK implies the following constraints on the mass of the neutron star and the EOS:
(a) If Solution I is the preferred scenario for kHz QPOs, then with the additional assumption that the highest observed QPO frequencies are produced only at r = rms, soft EOS models for neutron star interiors would be disfavoured.
(b) If the highest observed QPO frequencies are produced at r = riao, another set of constraints, possessing lower values of mass can be deduced. Together with the constraints obtained from case (a) these results limit the neutron star mass values to be in either of the two ranges: (0.6-1.8) M⊙ or (1.8-2.2) M⊙ .
(c) If the highest observed QPO frequencies are generated at the inner edge of the accretion disk, which may be located outside the innermost "allowed" orbit, the constraints implied on the neutron star mass will not be firm ones and this value may lie within the range (0.6-2.2) M⊙ . Furthermore, all EOS models allow νK ≥ 1220 Hz values.
The above results may be considered to be of sufficient generality as we have considered EOS models ranging from very stiff to very soft. We emphasise that the above conclusions, which constitute a set of constraints, are a consequence of the inclusion of general relativistic rotational effects and the non-restrictive assumption νK ≥ 1220 Hz. It is relevant to mention here that the constraints on the EOS and the neutron star mass not including the rotational effects in general relativity and assuming R < rms, would be somewhat more firm but less general, discounting their utility. Fig. 1 and Table 3 show that the maximum allowed νK for all EOS models that we have considered exceed 1220 Hz. We believe, therefore, that determination of the maximum QPO frequency and spin rate of the neutron stars among a substantially large sample of low-mass X-ray binaries at various evolutionary stages in future observations will provide more meaningful and general constraints on neutron star masses and their EOS. Note added: After the submission of this paper, a work on a similar theme appeared in the pre-print archives (Miller, Lamb & Cook 1998) . The results reinforce our conclusions.
